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Abstract

In this paper, we use categorical disintegrations as an indexing notion. The program is to
set up a framework for abstract indexing by measure spaces. We construct a pseudo-functorial
pullback-like, though not universal, substitution and exhibit the Beck condition. Finally, we use
this to understand the direct integral of Hilbert spaces in the context of indexed category theory.
© 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

The direct integral of Hilbert spaces [ °H (x)du(x) has a measure-indexed aspect
and a coproduct-like aspect. We would like to interpret this construction in the realm of
indexed category theory to put it on a firm categorical footing. It is appropriate to set
up a definition of abstract measurable family of Hilbert spaces so that [ ® becomes an
indexed functor. Ideally, this would then be part of an indexed adjunction and would
exhibit a universal property analogous to that for coproducts. It was noted in [6] that
arriving at a left adjoint for an appropriate functorial notion of constant families 4 is
too ambitious. This is not a serious flaw, however, because we can approximate the
classical indexed category theory of [1] or [4] quite well. In [6], a framework was set
up where a measurable Hilbert family was interpreted as a Hilbert space object in a
certain topos. In this paper, we provide another framework where a measurable Hilbert
family is interpreted in the context of slice categories.

Of fundamental importance in the indexing of sets by sets is the equivalence of cate-
gories Set/I = Set’ for I € Set. We explore a similar idea appropriately translated into
a measure theoretic context as an approach to the problem of understanding indexing
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by measure spaces. The basic notion of measurable family will be a measure space
over the measure space X.

In [S], we introduced two categories of measure spaces of finite measure relevant to
indexing: MOR and Disint. The morphisms of MOR are measurable functions whose
inverse image preserves null sets. These are called measure zero reflecting or MOR.
The morphisms of Disint, called disintegrations, are measurable functions together with
a family of measure structures on the fibres. There are some technical axioms imposed
but the essence is to encapsulate the idea in Fubini’s theorem: the measure of a set in
the plane is obtained by integrating the measures of the fibres of that set. Disintegrations
have a built-in self-indexed nature and we use this for our measure spaces over X. The
premise is that an object of Disint/X represents a good notion of X-family of measure
spaces. For practical reasons (i.e. applications to the direct integral), MOR will be the
base category for abstract indexing.

In this paper, we describe a pullback-like substitution to provide a good change of
base for measure spaces, exhibit the Beck condition with respect to composition, and
provide an application by discussing a framework for [ ®

It is well-known that for a topological space X, sheaves on X correspond to local
homeomorphisms over X. The situation in measure theory is more complicated. The
notions of measurable sheaf of [6] and local homeomorphism here seem to be quite
different. It is not clear yet which is better for indexing purposes (in some sense,
they are both equally good when X is a topological space). Indeed, this makes the
situation in measure theory more interesting: there seem to be at least two non-trivial
and non-equivalent indexing ideas.

2. Measure space background

Notation. Measurable spaces are denoted by ordered pairs, (X, .«/), (¥, #), etc., con-
sisting of a set and a o-algebra of subsets of that set. Mble denotes the category of
measurable spaces and measurable functions. Measure spaces will be denoted by or-
dered triples, (X, o/, ), (¥, 4%,v), etc., the first two items forming a measurable space
and the third being a measure.

We will assume that singletons are measurable and that measure spaces have finite
measure. These are usually called finite measure spaces. We do not assume complete-
ness of measure. In particular, the product of two measure spaces (see the example
below) is formed as the Cartesian product of the spaces with o-algebra generated by
the measurable rectangles and product measure. This measure is not completed.

Definition 2.1. A measurable function, (X, o7, i) 7, (Y,%,v) is called measure zero
reflecting or simply MOR if W(B)=0 = u(f1(B))=0. MOR is the category whose
objects are finite measure spaces and whose morphisms are measure zero reflecting.
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Definition 2.2. An object of Disint is a finite measure space. A morphism between two
objects, (X, o/, 1) and (Y, 4%,v), is called a disintegration. It consists of an (X, /) 7,
(Y,#)c Mble and a family (X,, %), i1, ),cy of finite measure spaces, where X, =
7Y (y) and o/, ={4N f~1(y)| A€ 2/} subject to the axioms:

1. VA € o/, the map y — p, (4N f£~1(3)) is measurable and bounded and

2. VA€ al, p(A)= [, (AN £ () dv(y).

A disintegration is denoted by (X, </, u) ELEN (Y, %,v). The identity on (X, o/, ) is

defined as (X, <7, 1) ok (X, o/, 1) where ly is the identity function and i is counting

measure on the discrete g-algebra on {x} and for (X, .«Z, ) Uorr) (Y,%,v) Lo), (Z,%,p),
the composite is defined as (X, .o/, 1) (078 (Z,%,p) where

6,(E) :=/ (),uy(Eﬂf_l(y))dvz(y) for Ec&,={ANn f~'g7'(z)|4€ #}.
g7z

For an extensive list of examples and basic properties, see [5]. Examples of disin-
tegrations are also included in the substitution examples of Section 3.2. As alluded to
in the Introduction, the paradigmatic example is:

Example. Let (X, o/, ) and (Y,%,v) be two finite measure spaces and consider the
projection onto the first factor,

(X XY, o @ B, 1 ®v) - (X, L, 1),

where &/ ®2 is the g-algebra generated by measurable rectangles and p~!(x) = {x} x Y.

Now, (4 RB), = {DNp~(x)| D€ 4B} ={{x} xB|Bc B}. Define (uxv),({x} x
B) :=v(B) and extend (but we may sometimes abuse notation and write (1 ® v)(D N
p~1(x)) := v(D,) with D, considered as an element of %). Axiom 2 is a special case
of Fubini’s theorem.

Some useful results from [5, 6] are collected in the following:

Proposition 2.1. (i) MOR and Disint have

(a) an initial object given by (9,{0},0),

(b) a terminal object given by (1,2, counting),

(c) binary coproducts (X, o, 1) + (Y, B,v)=(X + ¥, + &, u+v) (the c-algebra
consists of sets of the form A+ B and (u +v)4 + B)=w(4) + v(B)), and

(d) these coproducts are disjoint.

(ii) MOR and Disint are monoidal categories. The unit is the terminal object and
the ® is the usual product of measure spaces.

(iii) There is a full functor Set, i>ms_in_t which puts a discrete measure space
structure on a finite set.

(iv) (f,u,) € Disint = f € MOR.
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Remark. (1) A MOR does not necessarily have a disintegration structure on it.
(2) MOR does not have products.

3. Substitution
3.1. Definition

In this section, we introduce a notion of substitution of a disintegration along a MOR.
Consider a diagram:

(Z,%,p) : (Y, #,v)
(9:0x") (fv)
X' W) ——— (b, p)

with ¢ € MOR, (f,v,)c Disint. We will describe Z, g, 7, etc., and exhibit (g, p,/) as
a disintegration and r as a MOR to establish a pseudo-functorial change of base that
satisfies the Beck condition with respect to composition. We will think of g as “the”
substitution of the disintegration “f” along the MOR ¢.

(Z,%), g, and r are formed as the pullback of f along ¢ in Mble after an ap-
propriate forgetting of measures. Thus, Z= ", .,/ Y4(), Where Yyury:i=f “1(p(x"))
(in general, 7} denotes the fibre over & when no confusion can arise). A typical ele-
ment of Z is (y,x") where x' € X’ and y € Yy). The projections are g(y,x")=x" and
r(y,x")=y. Thus, g1 (x") = Yyr) X {x'} 2 Yp) and, for 4’ € o7,

Y¢(xl), x' EA,,

. —
g (A)—ZKX/ wherer:_{Q, Al

x'ex’
On the other hand, (r~"(B))y =r~'(B)Ng~!(x)=B N f~Y(d(x")) x {x'}. € is the
g-algebra generated by g~!'(4’), r~!(B) for A’ € o/’ and B &.

Lemma 3.1. Every C €% is decomposable as

Y Coi=) Cng ')

X ex’ x'eXx’

with Co € Byqey x '} = (BN £~1($0')) x {x'} | BE B,
Proof. Decomposable C’s form a o-algebra containing g—'(4’) and »~1(B). O

Thus, 6 ={CNg~'(x')|CEC} C By x {x'} for each x' € X’. The other con-
tainment holds as well since for B N f~1(P(x')) € By, (B N F PG ) x {¥'} =
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r~Y(B)Ng~'(x") € €x. And so, a typical element C» € %, may be written as B, x {x'}
with By € ‘%45(1')' Define

p(C)=p ( > fo) D= /X ( Vo) (Be) di'(x').

x'ex’

As with the product example above, we will abuse notation (identify BN f~!(¢p(x"))x
{x'} with BN f~'(¢(x)) and vy ® 1}, where 1 is the counting measure on {x'},
with vg)) to write

p ( Z Cx’”) = /X’ Vd)(x’)(cx’)d:u,(x/)'

X EX’
Lemma 3.2. For C € %,x — vgy(Cy) is (measurable and) integrable.
Proof. Let C=g"'(4")Nr~'(B). Then

vti)(x’)((g_l(Al N r—l(B))x’ ) = Vd)(x’)(B N f_l(¢(x/))) s X4

The second factor of the right-hand side is integrable since u'(4’) <oo. The first factor
is integrable since it is the composite of v,(B N f~!(x)), which is positive and inte-
grable, and ¢(x"), which is MOR (to show that the composite of a positive, integrable
function with a MOR function is integrable, proceed through cases from step functions,
through simple functions, to positive measurable functions). In particular, for C =27,
ve')(Zx) 1s integrable. For any C, C.- CZy so we need only show measurability
but this is straightforward by exhibiting measurability remains valid under c-algebra
operations on the g~ '(4)Nr~1(B)Ys. O

Lemma 3.3. p is a finite measure on €.

Proof. For example, finiteness follows from Lemma 3.2. The rest is likewise straight-
forward. O

Proposition 3.1. Given f < Disint and ¢ € MOR then (g, p, ) € Disint where p/(Cy ):=
Vo) Cyr ) (again, identify €. with Byry).

Proof. We have shown that p,. is measurable and bounded. Axiom 2 follows by
construction:

p < Z Cx’) = -[Y’ Vq&(x’)(cx’)d/v‘,(x,): /X’ pe(Cer ) dp/ (x'). a

x'eXx’

Finally, we note that:

Proposition 3.2. » € MOR.
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Proof. Let B € # have v(B)=0. We want to show p(r~!(B))=0. Recall,
P07 @) = [ v NS G)
X/

- / () i (<),
X/

where 13(x)=v.(B N f~(x)). Now, 0=v(B)= fX ve(BN f~1(x))du(x), so we need
only establish the following:

Lemma 3.4. For X' -+ X € MOR and X —- R2° € Mble,

/t(x)du(x)=0 = /(to¢)(x’)du’(x’):0.
X X/

Proof. Let ¢ proceed through cases: characteristic function, simple function, then pos-
itive, measurable function. [

3.2. Examples

In this section, we provide a number of examples of substitution. The examples all
follow the same basic format. Given a pair of morphisms

(Y, 4,v)
(fve)

X', 1) —— (Xop)

with (f,v,) a disintegration and ¢ a MOR, f and ¢ are varied to produce the examples
(i.e., g and r are described).

Example 1. Product:

(Z’(g’p) —_— (Y,ﬂ,\’)
(9.9) (frv)

(X,sfdla,ul) _T (1:j9l)
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(1,#,1) denotes a one point measure space with element %, discrete o-algebra, and
counting measure. In this case,

Z= Z Yu= Z Y=Y x X'

x'ex’ x €X'’
Furthermore,
g'\A)= Ke= ) Y=Y xd4,r'(B)
X eX’ x' €A’

={(x)yeBNy (I (x')N} =B x X,
and ¢=Z R o'. Let Cc B ® o', then by Fubini’s theorem, C» =C N {(,¢)|y €Y,
t=x'} €% and

p ( > cx/) = [ moe@d@)= [ wC)an e wie)

x'ex’
(as usual, some identifications have been made). [
Remark. Z is a pullback object in Set and (Z,%) is a pullback object in Mble but
the above substitution square is not universal in MOR. The diagonal (¥, %) — (Y x ¥,
#® A), which is not in MOR, manifests itself as a “universal arrow” of a special case

of Example 1 with (X', o/")=(Y,%#) and (X, o, u)=(1,4,1).

Example 2. Terminal object:

(Z,6,p) —+— (1,5,1)

(9:p1) (1,1)

X', ')

(L, £,1)

Tyr

Here, g7\ (A) =3 ,ex Kn =3 ey 1A Z= 3,y 12X’ 50 that € = o/'. Fur-
thermore,

1) = [ wk)dwoy= [ () dd @) =1(1) - 44y = ' A
p(%) [ = [ aan o= -y =)

and so p=y'. In this example, € =2{0,{x'}} and p,=the counting measure. Thus,
(g, px) is the identity (up to isomorphism).

In the rest of the examples, calculations are similar to those above and are omitted.
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Example 3. Identity disintegration:

(Z,%,p) - X, o, 1)

(g, px") (1, 1)

&) ——5— KA, p)

In this case, Z= X', € = .o/, and

pl)=p ( > ¢(x’)) = [ @)= [ 1806 =wa)

x'€A’

Example 4. Identity MOR:

(Z,%,p) - (Y,%,v)
(g.px") (fiw)

XA p) —— X, &, )

In this case, Z=Y, € =%, and

p(B)=p (Z Bx) = /X ve(By) d(x) = /X V(BN £~ () du(x) = v(B).

x€X
Example 5. Intersection: Let 49 and 4; be two measurable subsets of (X, .7, u).
(2,4,p) —— (4o, oo, o)

(g, px") (o, to, )

(Al,dl,ﬂl) l—l) ()(,Jf,/.l)

Here, Z 224, N Ay, %gﬂlm Ndy = {A NA; NAg |AE.52¢}, and p(ANA))=uw(dN4y)=
mANAr) and p(4NAo) = po(ANAo)=p(4NAo).
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Example 6. Measure zero fibres:

(Za(g’p) - (Y,go’v)

(9,p) (fsve)

(1,2,0) —— (X

Suppose n(*k)=xo€X which is not an atom. Then Z= ), Y=Y and gl(x)=2
s0 € =o(r—'(B))=#. For each Bc A, p(B):fvxo(Bﬂf“‘(xo))d0=0. There is no
“picking an element map” in MOR ((1,2, counting) — (X, =, 1) is not MOR unless the
element is an atom). Thus, fibres have measure zero (as they should).

3.3. Pseudo-functoriality

Let (¢)* denote substitution along ¢. Example 4 above shows that 1* =2 1. In this
section, we will show (¢dy/)* = y*¢*. Consider the diagram

g 2 1
W, &, 1) E25(T, 2, 6) —5— (2.6, p) —"— (¥, B, v)

(k, 1, (h, 6,») ) (v

(X”, MII’ #”)T (X,, .2¢,, ‘ur) T (X, .2¢, ﬂ)

with (g, px), (h, 0, ), and (k, 5, ) instances of substitution.

W =T as sets (in Set, these are just pullbacks). We will have use of the ex-
plicit form of the isomorphism a and its inverse b: W ={(y,x")| d¥(x")= f(»)},
T = {(zx") | Y(x") = x" = g(y.x")} = {((n,x"),x") [ Y(x") = x" and $(x') = f(»)},
W T is (3,2 )— (3, p(x"),x") and T-2w is (. x, x" Y= (3, x").

The following proposition shows that a is a measurable equivalence (this means
a and b are measurable and a is measure preserving: y(a~'(D)) = &6(D) which implies
b is measure preserving; see [5]).

Proposition 3.3. (1) (W,&) (T, 2) and (T, 2) b=a, (W, &) are measurable.
2) 5@~ '(D))=8(D), YDeZ and (b~ (E))=n(E), for each E€&
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Proof. (1) For D=h"'(4")Ye 2, a 'h"'(4")=k~'(4")e&. The case D=s"'C

breaks down into subcases: subcase C=r""(B): a~'s~'r~1(B)=u~!(B)e&; subcase

C=g7 ') als7 g7\ 4)=a"h W' (A)=k""Yy~ (4" ) €& since Yy~ (4 )ed".

Next, note that inverse image preserves g-algebra operations. The proof for b is similar.
(2) The basic case is E=k~1(4")Nu""(B):

(b4 Nu(B))) = (b~ kN (A"YN b 'u"(B))
=5k~ A"yns~ ' 1(B))

= /X” pW(X")(r_l(B)mg~1(l//(x"))) A ar dﬂ”

B /X Houeen BN T QUG - g dpt”
=9k~ (4")Nu"'(B)). O

Remark. We have actually shown a stronger result than needed for our purposes here.
In fact, a is a measure-preserving isomorphism which implies an isomorphism in MOR
which implies (see [5]) an isomorphism in Disint.

4. Substitution along a disintegration
4.1. Characterization

In this section, we will assume ¢ is also endowed with a disintegration structure and
discuss substitution of a disintegration along a disintegration. Our goal is to prove that
r is also equipped with a disintegration structure and a symmetry result: for ¢ € Disint,

f*(¢) and ¢*(f) are measurably equivalent. We begin by giving a characterization
of p that, fibrewise, it looks like the product measure. Consider

(Z’(gﬁp) . (Y,.—%,V)

(g,px") (fsw)

X',y o " &)

with (¢, u,)€ Disint. Let 6, denote the composite of p, and p,s. Then
0(CngT = [ pelCng @)

We require a technical lemma (whose proof is straightforward). As usual, ¥ :=

s X =97 (),
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Lemma 4.1. (a) g7 '¢7'(x) =¥, x X},
®) g7' AN I BN (Y x X)) =(BNY,) x (4 NX)),
(©) g7'A NP (X)) =X x (4’ NX)).
Proposition 4.1. For C€%, p(C)= [, (v ® . )(C N Y, x X])du(x).
Proof. Since 6, is a disiniegration,
pO)= [ 0cag o @ = [ [ pocng ) aue ) du)
X X Jo~(x)

For C=¢g~'(4)Nr'(B), pw(CNg™'(x')) = vy (BN f~H($(x')) - xar, 50

p(C) = / / Vo (BOL N SEN)) - 2ardul () da(x)
X Jo—1(x)

- / @A) [ redil) duto)
X o= 1(x)

- /X V(BN S )) - 1A N 6™ () dux)

— [ (BN %) W N X]) dux)
Jx

- /X (v @ (BN %) X (4’ N XL)) du(x)
- /X (s ® W )g~" (AN F (BYN (Y, X X)) dp(x). O

4.2. r is a disintegration

Next, we show that r is part of a disintegration and the following diagram commutes:

(Z,%.p) —2) ., (Y, B,v)

(g.px )J J(f, vr)

X', ' w1 o (. p)

(¢,

Write (¢g,0;) and (fr,y.) for the composites. 4, :={y}x o}, (for example,
BN M=} x ¢TI (f(»), if yeB, and gT'A)INrTI (M) ={y}x4'N
¢(f(»))). We define p, using u}(y) in analogy to py. py(Cﬂr_l(y)):=uj,(y)
(CN¢~'(f(3)) (or better: py(g~ " (A)Nr ' (»)):=py (4 NG~'(f(»))) and
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p(r M BYN TN (1)) 1= 1,y (@7 (f(¥)) - x8). Again, that p, is a bounded measur-
able function of y is exactly the same as for p,s. It remains to show the second axiom

p(C)= [y p(COr= (1)) dv(y).

.. , k .. .
Lemma 4.2. For (f,vy) a disintegration and Y — R a positive, measurable function,

L[, o= [ ke

Proof. If k =y, the right-hand side is fy ¥8dv(¥)=v(B) and the left-hand side is

/ / 1 dvi(y) dp(x) = / V(B0 S~ () du(x) = v(B)
X Jfx) X

by axiom 2. Then proceed from simple functions to positive, measurable functions. O
Corollary. i [ 1, (C N O™ (L) de(3) ) = [y 1, (€N ™S () d(»).
Proposition 4.2. [, p,(CNr~1(y))dv(y)=p(C) (axiom 2).

Proof. Use the corollary and the proof of Proposition 4.1. For example, suppose C =
r~1(B),

/Y o (r (BYNF (1)) dv(y) = /y (6™ ) - 1) dW(y)

- / / (6™ (S )5) dvs(y) i)
X Jf-(x)

- / / (™ ()1) dv(»)du(x)
XJf(x)

- / / (BN~ () dua(y) dux)
X Jf(x)

- / H(BN G~ (2)) ( / dvx(y)> du(x)
X f~1(x)

- /X KBNS (1)) - v~ () dalx)

- /X (v ® K )% X (BNXLY)du(x)

=p('(8). O
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4.3. Symmetry

Proposition 4.3. In the diagram

(h,8,)
| . p) )
(T,9,8) —— Z%.p) ——— (1,8, V)
(p. 6, . o) (fiv)

(Xl, d’9 ﬂ,) _— (Xa M, ”)
(¢, 1)

where Z = ¢*(f) and T = f*(@), s(x', y) :={y,x') is a measure equivalence.

Proof. By the characterization above, p(C)= | (e ® ) (CN Y, x X])du(x) for all
Ce% and d(D)= [,(u; ® v )(DNX, x Y)du(x) for all DeP. Thus, &(s~(C))=
p(C) and p(s(D))=4(D). O

5. Composition

5.1. Definition and basic properties
For a disintegration (X', o', u’) @) (X, #, 1),

D
Disint /X’ 2y Disint /X

denotes the precomposition with ¢ functor (precomposition in the case of Mble/X
will be denoted by fo) In general, Zg is not left adjoint to ¢* Indeed, when ¢ is

DX — 1, (% o)X —5X')=X' x X' — X'; the unit at X’ would be the diagonal
which is not in Disint. However, since ¢* is the pullback in Mble,

M
> :Mble/X = Mble/X’: ¢*
¢

is an adjunction: Z¢—|¢>*. For that matter, the category whose objects are disinte-
grations over a fixed measure space and whose morphisms are merely measurable
functions making the appropriate triangle commute (i.e. the slice category but with
merely measurable functions as morphisms), also has precomposition by ¢ left adjoint
to substitution along ¢.
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Ef , being a left adjoint, preserves colimits. Two interesting properties of Eg are
given in the following two propositions:

Proposition 5.1. >° (initial) = initial.

Proof. The initial object of Disint/X’ is (0, {@,}O)L(X ', o', u'). Composing with
(¢, 2, 11.) gives (B, {0},0) %5 (X, o, u), the initial object of Disint/X. O

X

Proposition 5.2. Y ¢ preserves binary coproducts.

Proof. Let (T,2,5) “23 (X', o', i) and (S, %,7) ¥ (X', o', i) be in Disint/X".
The coproduct of § and T is (S+ I, + 2,y + ) (oth (+0) X', o', 1) with € +
2:={C+D|Ce%, DED}, (y+ 8)C + D):=9(C) + &(D), and

git), i=1,

(g +h)ti):= { W), Q=2

Note that (€ + Z)» =% + 2 and define (y + 6)y :=yp + dy.

(d(g+h)6)
_—

Composing with (¢, 1) gives (S+ T,4 + 2,y + 9) (X, o, 1) where

O(EN(g "7 x) +h 97 (x)))

= /4,_1( )(? + ) (EN(g™' (") + A1) dul(x").

Composing first then forming the coproduct gives (S,%,7) (64,7 (X, o/, u) and

(T,2,8) — %), (X, o, 1) which gives (S + T,% + 2,7 + 6) G20 (v o7 ),
Certainly, ¢(g + k) = ¢g + ¢h. We must show the measures are the same:

0:((C+D)N(g~ "¢ (x) + A7 (x)))

= [, 0 OC + DINGT W) + ) )
= [ G D€+ DG )+ i)

_ / p(CN g () di) + / 50D () i)
¢='(x) ¢~'®
= 2(CNg 7)) + 5PN A 7 (x))

=@ +O)(C+DN(Pg+h)'(x). O
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5.2. Beck condition
Theorem 5.1. Y satisfies the Beck condition. More precisely, given ¢ € MOR and

f and heDisint, ¢*(3 (h))= Do gy (h)) where = is interpreted as measure
equivalence.

Proof. Consider the diagram:

u

f

V. 4. D= (W, 6, ) —— (T.2,5)

(9k, B.) & ;) (8,

s |
@) @%mﬁﬂ@%%mw

CF®) (v

L
(X’s d,’ #,)—¢_’ (X7 d, ﬂ)

g=¢*(f), k=r*(h), so gk=3 4. (r"(h)) and 1=¢"(3_,(h)). p and ¢ form a
measurable isomorphism which respects %, #y, ¥y, and Sy (which implies p and ¢
respect y and 7 since these are disintegrations). By respects, we mean for each x’ € X',
B (g~ (G)NEk~ g7 (")) =y (GNI~1(x")) and the corresponding equality for p. O

First note that p and g already respect (V,%) and (W, &) (as before, enumerate
cases). Explicitly, W ={(t,2) | (t)=r(2)} ={(t, »,x") | k(t) =r(y,.x) =Y, d()=f(1)},
V={tx)| ()= fht)}, pt,x') =(th(t),x"), and gz, y,x") =(t,x"). Now, fix
XeX.

Lemma 5.1. f.(g (G)Nk~ g7 (x")) =y (GN I~ (x")).

Proof. For brevity, we will only check the case when G is a “measurable rectangle”:
G=1"Y(4"YNu"'(D). The other calculations are similar.

Bu(g™ (7 A Nu (D) NET (X))
= Bolg 7 YN g T DYNET T (X))

- / n (kg Y N sUD) VK g () dpye (2)
g~ (x")

-/ UL CONERTALT0
g=1(x")
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and
(T @YNu DYNTTI()) = 0 (D NRET UG ))) - e

- / 8,(D N AN (¥)) dvgn () - Lar-
1)

Put a(y):=8,(DNA' (), then Bu(-)= [, gy @) dvoun(¥) e and
V(- )= fg_,(x,) a(7(z)) - xg-1(ay dpx(z). We must show that the two integrals are the
same. As usual, we build up the proof by looking at characteristic functions, simple
functions, and increasing limits of simple functions. The interesting case is the last one.
Let t,(y) 7 a(y). Then t,(r(z)) is a sequence of simple functions increasing to a(r(z))
(1. t(y) simple = 1(r(z)) simple: t(y)= S| bixs, = t(r(z)) =i bi)y-1(5, and
2. t,(¥) T a(y) = ta(¥(2)) Ta(r(z)): that the limit works is obvious; for increasing, sup-
pose a(y) > t,(y) a.a. y, then a(r(z)) > t,(r(z)) a.az, since r € MOR). With these
facts in mind and using the monotone convergence theorem,

Bu(-) = / lim £,() dvoy () - 1
= Hd(x"))
= lim/ t(y) dveny(¥) - xar
F=1(¢(x'))

= lim | ta(r(z)) - Xg=1(4") dpx(z)
g7'(x")

= [ lmaE): tymrn dpe@
g7 '(x")
= [ ) i e
g7'(x")
= (o). O
5.3. Indexed categories
In Section 3.3, it was noted that we may horizontally paste squares. The Beck

condition essentially tells us that we may vertically paste squares. As an application:
for a fixed ¢, ¢* is a functor. By rearranging the diagram (below, ——e——denotes

disintegration and ————— denotes MOR)
w
‘ - 1 : )
s < z T A Y
\’“\ / k f
X’ X
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to

X’TX
we see immediately how to define g = ¢*(p) to get a functor ¢*: Disint/X — Disint/
X' Combining this with 1* =1 and (¢y/)* = ¢*y*, there is a pseudo-functor

( )" :MOR®P — CAT

whose object function is X — Disint/X, and so, we get an indexed category Disint -

Remark. (1) If p is merely measurable, then so is g (these are pullbacks in Mble).
There is another indexed category (of course, in this case, w and r are merely mea-
surable as well).

(2) In the introduction, it was noted that Disint has a “built-in self-indexing”. The
above makes this vague phrase more precise.

6. HF/X
6.1. Preamble

We have set up substitution machinery for Disint. In this section, we provide an
application to operator theory. In [6], we began a program to study the direct integral
of Hilbert spaces (see [2] for exposition) in the context of indexed category theory of
[4]. Formally, it has a coproduct-like nature and a measure-indexed nature. The idea,
then, is to use abstract indexing by measure spaces to put this and similar constructions
on a firm, categorical footing. In essence, we want to interpret the picture

®
(Hilb)* = (Hilb)"

It seems appropriate, from the point of view of analysis, to have ¢ € MOR for ¢*
(there are many reasons for this but, as an example, almost everywhere equality is
a common occurrence in measure theory and measure zero reflecting functions are
precisely those which are compatible). To construct a useful generalization of the
ordinary direct integral ff,qb must be a disintegration. A good notion of Hilb* the
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category of X-families of Hilbert spaces, must be found (incidentally, Hilbert spaces
are assumed to be separable). We must reiterate: we do not have classical indexed
category theory in the sense of 1] or [4] (our base categories MOR and Disint do not
have products). There are examples to be studied, however, so we wish to approximate
the situation as best as possible.

In [6], we put forth the approximation Hilb* = Hilb(MEAS(X)) (i.e., Hilbert space
objects in a certain sheaf category constructed from a topos). In this section, we provide
another approximation, essentially the local homeomorphisms idea. First note that the
correspondence of local homeomorphisms with sheaves in topology does not work for
measure theory. Indeed, even naively translating topological local homeomorphisms
to measurable local homeomorphisms (replacing continuous with measurable) leads to
problems of triviality (see the introductory remarks of [5]). But, an interesting fragment
can be kept.

In the next section, we will introduce a category, HF/X, of (measurable) Hilbert
families over an X € Disint. Essentially, we want a measurable (or measufe) space
over X whose fibres are Hilbert spaces. Before listing the axioms for an HF/X, we
will end this section by defining the category Mble/X and describing what should be
thought of as the complex numbers in HF/X (to provide a motivational example).

Definition 6.1. Let (X, .o, u) € Disint be fixed. The category Mble/X has as objects
(Y, %)
S
(X, o, )

and as morphisms measurable (Y, %) —— (Y, %' ) which make the evident triangle
commute (i.e. the slice category but over the space X considered as a measurable
space).

Notation 1. We suppress mention of c-algebras and measures if no confusion can
arise. Furthermore, for space considerations, we sometimes write the objects of slice
categories sideways.

A particular object of Mble/X is (C x X, Borel x 2/) LN (X, 4, 1) where p; denotes
projection onto the second factor. There is a measurable operation

[0l

CxX

1 P2
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given by x — (0,x) and other operations (defined over X):

[1]: X - CxX; x— (1,x),

+:(CxX)»xx (CxX)— CxX; ((c,x)(c",x)) — (c +,x),
(€ x X)Xy (CxX) = CxX; ((¢,x),(c,x)) > (cc’,x),
—:CxX - CxX,; (¢,x) (—c,x)

and
(7):CxX = CxJX; (¢,x)— (C,x).

With these operations, C x X 2, X is a commutative *-algebra (scalar multiplica-
tion is the same as multiplication). It satisfies the axiom of non-triviality (see [3]). In
fact, it is a geometric field (a statement which still makes sense in Mble /X even though
it is not a topos). Here, the group of units is U =C\{0} x X — X and [0] = {0} x X
and U +0=(C\{0} xX)+ ({0} x X)~C x X (over X) via ((¢,x),1) — (¢,x) and
((0,x),2) — (0,x). Thus, C x X is a geometric field in Mble/X.

6.2. HF /X
An object of HF/X is (Y, %) L, (X, o, ) € Mble/X subject to three axioms:
Axiom (a). Y, = f~!(x) is a separable Hilbert space for each x € X.

Part of the data for axiom (a) provides us with maps relevant for algebra and

topology like those for C x X. In more precise terms, we have maps, defined over
0 -

X x Iy [01@) =0, € ¥ Y 0¥, —(r) = =y ¥ xx ¥ 5 Y40, 0) =y

V(€ X X)xx¥ = ¥ (ex), y) = cpes and Yy ¥ S5 Cx X (= | =) (5 yox) =

({y] ")z, x). These make Y into a C x X-vector space with an R2? x X-valued norm

satisfying the parallelogram law.

Axiom (b). The maps in the above paragraph are all measurable. That is, (¥, %) is a
(C x X, Borel x .o/ )-inner product space in Mble/X.

Definition 6.2. A sequence in Y is a measurable map over X,N x X =X*(N) =Y.

Remark. N x X —— Y over X is an ordinary sequence of measurable maps X 2y
.. . &
over X, a positive real, e € R>? x X, is a measurable X — R>Y and a natural number

. N
is a measurable X — N.

Definition 6.3. A sequence, sy, is said to converge if there is an s €Y (which means
a measurable section s : X — ¥) such that Ve(x) e R>® x X, IN(x) € N x X such that
Vn(x) > N2, llsaw) — sll(x) < (x).
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Remark. (1) < and < are interpreted as being everywhere as opposed to almost
everywhere.

(2) A Cauchy sequence is defined in a similar manner. Likewise, completeness of
Y has an obvious definition.

Completeness of Y is not enough to make substitution work. We will need stability
under substitution squares:

Axiom (c). Y is stably complete.

This means, for all X’ ox Ly , and for all ¢-sequences (i.e. measurable s’s
such that

NxX —%f—— Y
p2 f

X —— X

¢

commutes) ¢-Cauchy (ie. Ve(x’)€R>%x X', IN(x')EN x X’ such that Vn(x'),
m(x') > N(x"), [[snery — Smie[[(@(x7)) < e(x”)) implies ¢-convergent (with a similar
definition).

Remark. (1) || - || is a measurable function ¥ — R x X over X and for each section
X =7, |Is|| is a measurable function X — R.

(2) As we shall see below stable completeness implies that each substitution object
(Z,%), is complete. In particular, the completeness of (Y,4) is a special case with

o=1.
Definition 6.4. A morphism of HF/X is a measurable T

(7, ﬂ)————-———* Y, #)

NS

making the triangle commute such that each Ty : Y, — Y/ is a bounded linear map and
| %]y, 1s bounded over x € X.

Remark. There are actually three categories relevant to this work (the first two have
obvious objects and morphisms): PreHilb/X, Complete/X, and HF/X = StablyCom-
plete/X.
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We end this section by discussing change of base in relation to Hilbert families.
A result which we will find useful is:

Lemma 6.1. Let H be a complete metric space with dense sequence {h;}. Then the
c-algebra of Borel sets is generated by the open balls of rational radius about the
h,"S.

Proof. Every open set is a countable union of such open balls. [

Let us consider the special case HF/1 first. Specifically, we will describe an adjunc-
tion
F
Hilb <_I>— HF/1.

Define I(H)=(H,Borel) — (1,2, counting). Axioms (a) and (b) are satisfied (the
relevant maps are all continuous so are all Borel measurable).

Proposition 6.1. I(H) satisfies axiom (c).

H
S, ‘
!

, 1

X—

Proof. Let

be a !-Cauchy !-sequence. We claim that s,(x) is pointwise Cauchy for each x. Fix xo
and let ¢ > 0 be given. Put &(x) = [¢] then there is an N(x) such that Va(x),m(m) >
N(x), [|Snry — Sy || < & Now, let N =N(xo) and p,q > N. If we set p(x) = max{[p|,
N(x)} and g(x)= max{[q],N(X)}, then p(x) and g(x) are measurable, p(x),q(x) >
N(x), p(xo)=p, and g(xo) =g, s0 ||s, — 54|l <e&. And s0, s,(xo) is Cauchy.

Since H is complete, there is an s(x) such that s,(x)—s(x) for each x. In ad-
dition, |ls,(x)|]| — ||s(x)|| since R is complete and ||| is continuous. The pointwise
limit in R of measurable functions yields a measurable function. That is, ||s(x)|| is
measurable. But, as a consequence of Lemma 6.1, s(x) is measurable as well (each
sTU(B(0,r))=s"he H|||h|| <r}={x€X ||s(x)|| <r} € since ||s(x)| is measur-
able; then use the measurable translation (=adding a fixed vector) to get other open
balls).

To exhibit !-completeness of H LN 1, we need only show s,(x)—p,.. s(x)=
s, — s in the sense of HF/X. Let &(x) be given. Suppose first that it is constantly ¢. For
each x, there is an N such that ||s,(x) — s(x)|| <& for all n > N. Put N(x)=min{N|
Isan(x) — sm(x)|| <&¥n > N}. All we need to show is that N(x) is measurable. But
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N~ k)=A4\A;—; where 4, =J;2, {x|]lsx(x)s(x)|| <} is measurable. A general &(x)
can be approximated below by simple functions. Apply the above case repeatedly to
arrive at the inequality for a simple function and hence the inequality for
a general e. [

Remark. In essence, /(H)& HF/1 is complete iff it is stably complete. We actually
have shown one direction for Cauchy and the other direction for convergence but the
rest is similar. It is important to note that this does not generalize to HF/X, however.
That is, fibrewise completeness <4 stable completeness; neither direction holds. (For
=, we cannot assume s iS measurable in general (Lemma 6.1 is special); for <,
we cannot take a sequence Cauchy in one, fixed fibre and produce a global Cauchy
sequence since the fibres “are of global measure zero”, for example,

5 00) {s,.(xo), x=x,

0 else

is essentially the O function; of course, if x; is an atom, this works.) For this reason,
we impose both completeness conditions. Both together are strictly stronger than either
one separately.

Proposition 6.2. [ is full.
Proof. A morphism, H T.ke Hilb, yields a morphism

T
(H, Borel) ——————— (K, Borel)

(1, 2, counting)
(T is continuous so it is Borel measurable). Furthermore, a

HB — (k)

(1, 2, counting)
in HF/1 is, in particular, a bounded linear transformation from H to K. O

Proposition 6.3. I has a left adjoint F.

Proof. Axiom (b) for (H, %) SN (1,2, counting) says, in particular, ||-|| and translation
are measurable with respect to %, and so, # must contain the Borels. Thus, forgeiiing
the measurable structure on (H, #) provides a left adjoint F to I. O
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Next, we discuss the general situation. Suppose (X', &/, u') 2, (X, o, 1) is in MOR.
In

(Z,%) : (Y. %)
g S
X', sl W)~ (X, 1)

Zy =g '(x')="Yyu) is a Hilbert space. The operations of arithmetic and the inner

product are measurable when “pulled back” along ¢. For example, X' ﬂ»Z isx'+—0,=

04y which is just the composition of Oy an ¢. For addition, the relevant picture
is

ZxZ ————————— ¥XY

zZ Y

/
/

Z=73 .cx Yoy and the measurable +y yields a measurable +; given by (y,x') +

X’ X

(v, %)= (y+4@) ¥',x'). For stable completeness, we must show (Z,€) 2 (X', ')
is Y-complete for all X Yo X" Let

Y

'f

X " X ) X

r
R A

N

be a y-sequence in Z. Compose with r to get the ¢y-sequence t,=rs, in Y. Let
e(x")eR>%x X" be given. Then ||rsnwry — FSmuny ||y (PY(x")) < e(x"") iff ||sprry —
Smanllz(Y(x")) < e(x”) since Zy =Ygy, so, in particular, Zy)= Ygyxr), and the
two norms mean the same thing. Thus, s, is y-Cauchy iff #, is ¢y-Cauchy and
similarly for convergence. Since Y is ¢y-complete for all ¥, Z is -complete for

all .
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Pulling back a ¥ L,Y' in HF/X yields a Z 1,7 in HF/X'. Pseudo-functorial sub-
stitution restricts to Hilbert families. This discussion provides an important example:

Example. For each H € Hilb, AI(H)=(H x X,Borel x .o/) 2 (X, s/, 1) is an object
of HF/X. These are to be thought of as the constant X-families. 4 is a functor
Hilb — HF/X.

6.3. Direct integral and HF/X

f@

We next construct the direct integral HF/X ~— Hilb. For Y € HF/X, define

@
/ (Y, %) <L, X, o, 1) = { s:X — Y |s measurable, fs=1,,

and /]|s(x)|j2 dp < o0 }/w,

with s ~ s iff u{x|s(x) # s'(x)} =0. This is sometimes written as [ © Y. Furthermore,
define:

[01(x)=0;,  (=s)x)= —xs(x), (s +5)x)=s(x) +;s'(x) and
(- s)(x) =0 5 5(x).
With these definitions, | ®y is a C-vector space.

Remark. If o(x) € L>°(X,C), then modifying scalar multiplication to (x - s)(x)=
a(x) x s(x) makes f ®Y into an L*(X, C)-module.

Define an inner product on | ®y as

1) = [ (sCols @)z d

which gives a norm |is|; = [ ||s(x)||2du. Since functions which are equal almost
everywhere are considered equal, |ls||=0=s=0.

Theorem 6.1. [ ®y is complete.

Proof. We mimic the classical proof (see [2]). For | -||» — Cauchy sequence sy,
choose a subsequence (also called s,) such that 3" ||sn4+1 — Sal| < oo. In particular,
oo Isnt1(x)—sn(x)||x < co for all x ¢ N where N is some measurable set of measure
Zero.

For x €N, 51(x) + Yoo (Sp+1(x) — sn(x)) converges to an s(x) € ¥, (¥; is a Hilbert
space) and f os(x)=x since s(x) € X. For x €N, put s(x)=0,. We must show that
s(x) is measurable and square integrable. But, s(x) is the limit, almost everywhere, of
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S(p)(x) =D (Snt1(x) — sn(x)) each of which is measurable. Furthermore,
/ [lsGo)II} dpu(x) < / lls1 G2 dpCx) + > / [1$n10x) — $a (0|2 dpa(x)
n=1
= [ 11 dut) + 3 sass = sull <00 O
n=1

Remark. This is actually get an object of HF/1:([ @ Y, Borel).
For (¥ L5 x) 5 (v 25 X)) in HF/X, define

® ® ®
/T:/ Y—»/ Y, s Ts; Ts(x) = Ts(x).

Now, T(s + s)Yx)=TLs(x) +: Is'(x)=Ts(x) + T5'(x) and T(as)(x)=Ta - s(x)=
o Ts(x)=o - T(s)(x). Since ||T||y is bounded (across x), then

/ | T2 dye = / | TesCo)| du < / T2 lIsCol? dut < & / 5G| dpe < oo.

And so, there is a functor: [ ® . HF/X — Hilb.

Remark. f® AH:f®H xX 2 X={s:X >HxX|s measurable p,s=1, and
JIsG)||2dp < 0o} =L*(X; H) (here we abuse notation and call AH = AIH).

Let us expand on this remark. L?(X; H) is functorial in H. Given a bounded linear
map F:H — H', we get a map, LZ(X;H)LZ(X—”V»)LZ(X;H’), f— f(x)=Ff(x). Since-
F is continuous, Ff(x) is measurable and [ ||[Ff(x)||*du < [||T|1*||f()||? dp < oo.

There is a map H LLZ(X ;HYh — [h] (recall, u(X) <oo) which is linear and
bounded (||7h|| = (J ||A|> dp)? = ||A|x(X)'? so ||T|| = u(X)"/?) and natural in H. The
natural transformation 7 is, in general, not an isomorphism (unless X =1).

Two interesting properties of A are:
Proposition 6.4. (a) A(H®K)=A(H xK)=A(H) x AK) and (b) 4(1)=1.
Proof. (a) One must simply show that

HxK——HXKXX—— KxX

with the evident projections is a product diagram.
®) 4 =1xxEx~x-S x. O
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In view of the fact that 0=1 in Hilb (both are the one-point Hilbert space) and
0#1in HF/X (0is 0— X and 1 is X — X), we have:

Corollary. 4 does not preserve 0 and 4 does not have a right adjoint.

Note that | ® is not left adjoint to 4. The unit would be

H——— (°H)xXx

f 2!

he H, gets sent to the function in | ® H that sends x — & and everything else to 0.
In the case X is a finite set with counting measure, everything works. But, if points
have measure zero in X, then the function so described is the 0 map (after modding
out by a.e. equality) and so there is no injection.

Also, the counit would be a map L?>(X;H)— H and given an L?-function, there
seems to be no canonical way of getting an element of H (we would need some sort
of “indefinite” integral #= [ f(x)du and a square integrable function is not necessarily
integrable).

7. Epilogue

The question of how to generalize the above to get a ¢-direct integral seems to be

quite difficult. We finish with a few remarks on this. Suppose (X', o', u’) o) X, o, 1)
is a disintegration. For (7,2) LI (X', o', 1), put

®
(/ (T,@)) = { s:¢7'(x) > T|s a measurable ¢-section,
¢

/ lisGxII dp(x") < o0 }/ i
¢~'(»)

where s ~ 5" iff ul{x' € p71(x)|s(x') # s'(x')} =0. Equivalently, we could take global
measurable sections, s: X — T, with the same ~. Next, take the coproduct to get

Z(/EB(T@)) Y S x
xeX ¢ ’ I—.

with p the evident projection. There is no obvious way to put a ¢-algebra structure,
%, on Y (exceptions: fl@(T, 2)=(T,%) and ﬁ@(ﬂ @):(fEB 7, Borel)). Indeed, this
is an interesting open problem.
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One idea is to take simply the Borels in each fibre (note: each ( ff(T,@))x is
a Hilbert space). This would be the g-algebra of the infinite coproduct (= disjoint
union). The problem is that this provides no compatibility across the fibres. Consider
the example suggested by the picture:

’ I,, ',W",'

Each fibre is a Borel set. However, these may slide back and forth in a non-
measurable way to produce a globally non-measurable set. The converse is problematic
as well: slicing a Borel set does not necessarily produce a Borel set.

In some sense, these are function spaces (a special case is L*(X) which would work
except for the caveat about slicing a Borel just mentioned). A related question, and
another idea, then, is how to put a useful c-algebra structure on a function space.
Obvious things such as the infinite product structure or the measurable-measurable
o-algebra (in analogy to the compact-open topology) do not seem to work (we need,
for example, a more appropriate translation of compact set).

Our feeling is that disintegrations provide the answer. Some sense needs to be made
of statements like “.o/ = [ .7, dv(»)”, in the same manner as “u= f uydv(y)” and
in a way that does not conflict with square integrability. Given a measure, we may
disintegrate along slices. But conversely, given slice spaces and gluing them together
requires some sort of global compatibility condition. It is possible that this is related
to the unsolved “existence of (ordinary) disintegration” problem (as a generalization of
the Radon-Nikodym theorem, one may be interested in the question of when a measure
space may be disintegrated with respect to another measure space).

Finally, we make two observations. All this works in Set/X. For this reason, we
believe this is the correct notion of direct integral in HF/X. The difficult part is putting
a measurable structure on it. Furthermore, we have not yet been able to employ the
full power of the substitution machinery of disintegrations. That is, we should also be
able to put a measure structure on all these entities. This would be part of another
program: understand the difference between measure theory and topology with respect
to slicing and indexing.
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